In the present work, an analysis has been carried out to study a problem of natural convection past a vertical porous plate, in a porous medium saturated by a nanofluid with the streamwise distance x. The employed mathematical model for the nanofluid takes into account the effects of Brownian motion and thermophoresis. The Darcy model is employed for the porous medium. Non-similar solution has been obtained. This solution depends on a Lewis number Le, a buoyancy-ratio number N r, a Brownian motion number N b and a thermophoresis number N t. The variation of the reduced Nusselt number with N r, N b and N t is expressed by correlation formulas. The dependency of the Nusselt number on these four parameters and the effect of suction and injection are investigated graphicly. It is shown that the inclusion of a nanoparticle into the base fluid of this problem is capable to change the flow pattern.
Introduction
Engineers have been working for decades to develop more efficient heat transfer fluids for use in car motors and industrial equipment. Nanofluids may solve a number of problems plaguing the heating, ventilation, air conditioning (HVAC) industry and improving the efficiency of high-heat flux devices like supercomputers circuits, high-power microwave tubes and providing new cancer treatment techniques etc.
Nanofluids are a new class of advanced heat-transfer fluids, which are liquids containing a dispersion of submicronic solid particles (nanoparticles). Typical dimension of the nanoparticles is in the range of a few to about 100nm. Thermal conductivity is the characteristic feature of nanofluids. For examples 40 % increase of the effective thermal conductivity in ethylene-glycol nanofluid with 10-nm copper nanoparticles of 0.3 % in volume fraction [1] and the effective thermal conductivity increases 10−30 % in alumina/water nanofluids with 1 − 4 vol % of alumina [2] .
In nanoparticles at extremely low volume fractions property enhancements are much higher than those expected from the macroscopic models. The term "nanofluids " was coined by Choi [3] . The phenomenon of thermal conductivity observed by Masuda et al. [4] . This phenomenon suggests the possibility of using nanofluids in air conditioning systems [5] . Buongiorno [6] made a comprehensive survey of convective transport in nanofluids. Who says that a satisfactory explanation for the abnormal increase of the thermal conductivity and viscosity is yet to be found. He focused on the further heat transfer enhancement observed in convective situations. Buongiorno notes that several authors have suggested that convective heat transfer enhancement could be due to the dispersion of the suspended nanoparticles and particle rotation but he argues that these effects are too small to explain the observed enhancement. He also concludes that turbulence is not affected by the presence of the nanoparticles so this cannot explain the observed enhancement.
Buongiorno [6] noted that the nanoparticle absolute velocity can be viewed as the sum of the base fluid velocity and a relative velocity ( slip velocity). He considered in turn seven slip mechanisms: inertia, Brownian diffusion, thermophoresis, diffusiophoresis, Magnus effect, fluid drainage and gravity settling. After examining each of these in turn, he concluded that in the absence of turbulent effects it is the Brownian diffusion and the thermophoresis that will be important.
The problem of natural convection in a porous medium past a vertical plate is a classical problem first studied by Cheng and Minkowycz [7] . In the book by Bejan [8] the problem is presented as a paradigmatic configuration and solution. Bejan and Khair [9] made the extension to the case of heat and mass transfer. Further work on this topic is surveyed in sections 5.1 and 9.2.1 in the book by Nield and Bejan [10] . Mahdy and Hady [11] studied the effect of thermophoresis and Brownian diffusion in non-Newtonian free convection flow over a vertical plate with magnetic field effect. A review of the heat transfer characteristics of nanofluids has been made by Wang and Mujumdar [12] . Nield and Kuznetsov [13] extended the study of the Cheng and Minkowycz problem to the case of a nanofluid using the model of Buongiorno.
In the present work the problem of Cheng−Minkowycz problem for natural convective boundary-layer flow in a porous medium saturated by a nanofluid [13] is extended to study the effect of the prosity of the plate. A nonsimilar solution is obtained. The present results are useful in cancer treatment and complex biological nanofluids, such as drug delivery systems. The unusual properties of the nanoparticles enable cells to suction these nanoparticles because of their size. Many diseases depend upon processes within the cell and can only be impeded by drugs that make their way into the cell. So, using nanofluid in medicine will lead to development of completely new drugs with more useful behavior and less side effects.
Analysis
We consider a two-dimensional steady flow of a nanofluid through a porous medium past a vertical porous plate. The x−axis is taken along the plate in the vertical upward direction and y−axis is taken normal to the plate. At the plate y = 0, the temperature T and the nanoparticle fraction ϕ take constant values T w and ϕ w , respectively. The ambient values, attained as y tends to infinity, of T and ϕ are denoted by T ∞ and ϕ ∞ , respectively, as shown in Fig. 1 .
We employed the Oberbeck-Boussinesq approximation for this problem. We assumed the porous medium, whose porosity is denoted by ε and permeability by K, is homogeneous and in a local thermal equilibrium. The Darcy velocity is denoted by ⃗ V . The variables of motion are the Darcy velocity ⃗ V , the temperature T and the nanoparticle volume fraction ϕ. The boundary layer equations governing the flow and temperature field in the presence of nanoparticles are 
Here ρ f , µ and β are the density, viscosity, and volumetric volume expansion coefficient of the fluid while ρ p is the density of the particles. Further, ⃗ g is the gravitational acceleration, (ρc) m is the effective heat capacity, k m is the effective thermal conductivity, D B is the Brownian diffusion coefficient and D T is the thermophoretic diffusion coefficient. The derivation of Eqs. (3) and (4) are given in the papers by Buongiorno [6] , Tzou [14, 15] and Nield and Kuznetsov [16] . The advective term and a Forchheimer quadratic drag term does not appear in the momentum equation because we assumed the flow is very slow.
The appropriate boundary conditions for the problem are given by
where u and υ are components of dimensional velocities along x and y directions, respectively. υ 0 is a scale of suction and injection velocity.
In the spirit of the Oberbeck-Boussinesq approximation, Eq. (2) can be linearized by the neglect of a term proportional to the product of ϕ and T . This assumption is likely to be valid in the case of small temperature gradients in a dilute suspension of nanoparticles, thus we can write Eq. (2) as
Under the boundary layer approximations, we can write the governing equations as
where
One can eliminate p from Eqs. (9) and (10) by cross-differentiation.
We introduce a stream function ψ defined by
so that Eq. (8) is satisfied identically. We are then left with the following three equations
∂ψ ∂y
We now introduce the local Rayleigh number Ra x defined by
Using the nonsimilarity transformations
and
Then, on substitution in Eqs. (15)- (17), we obtain the differential equations
where N r, N b, N t, Le and ξ denote a buoyancy ratio, a Brownian motion parameter, a thermophoresis parameter, a Lewis number and suction/injection parameter, respectively are defined by
the boundary conditions (5) and (6) becomes
Integrating Eq. (21) once and using boundary conditions (29) we have
Equations (30), (22), and (23) are solved subject to boundary conditions given by Eq. (28) and the following boundary conditions
When N r, N b, ξ and N t are all zero, the boundary-value problem, Eqs. (21) and (22), reduces to the classical problem solved by Cheng and Minkowycz [7] . When υ 0 is zero, Eqs. (21) and (22) reduce to the problem solved by Nield and Kuznetsov [13] .
The Nusselt number N u is defined by
where q ′′ is the wall heat flux defined by
substituting from Eq.(33) in Eq.(32) we get
Numerical Method
To solve the problem, the first step is to write the ODEs (22), (23) and (30) under conditions (28) and (31) as a system of first order ODEs. The basic idea is to introduce new variables, one for each variable in the original problem plus one for each of its derivatives up to one less than the highest derivative appearing.
We used the Finite-difference method (we used NAG library for this purpose) for the solution of boundary value problem of the form
subject to general nonlinear, two-point boundary conditions
Finite-difference equations are set up on a mesh of points and estimated values for the solution at the grid points are chosen. Using these estimated values as starting values a Newton iteration is used to solve the Finite-difference equations. The accuracy of the solution is then improved by deferred corrections or the addition of points to the mesh or a combination of both. The technique used is described fully in [17] . The absolute error tolerance for this method is 10 −4 .
Results and Discussion
We have solved Eqs. (22), (23) and (30) under conditions (28) and (31) for a typical case, chosen as that for Le = 10, N r = 0.5, N b = 0.5, N t = 0.5, ξ = 0, are shown in Fig. 2 . In order to test the accuracy of the present results, we have compared these results with those of Nield and Kuznetsov [13] when we neglect the effects of the suction/injection parameter ξ. We notice that the comparison shows an excellent agreement, as presented in Table 1 .
In Table 2 
where the constants C r , C b and C t are the coefficients in the linear regression. For example, when Le = 10 the reduced Nusselt number N ur can be obtained from the correlation Table 2 we observe that the accuracy of the linear regression estimate increases as Le increases.
We believe that for most practical purposes the simple linear regression formula in Eq. (37) should be adequate. If one wants a more accurate formula then one can perform a quadratic regression. The reduced Nusselt number N ur can be obtained from the correlation
where C r1 , C r2 , C b1 , C b2 , C t1 , C t2 , C bt , C tr and C rb are the coefficients in the quadratic regression estimate. For the case Le = 10, for example, we obtained instead of Eqs. (38) and (40) 2898N tN r − 0.1584N rN b ,
The relatively large interactions between N r and N b (displayed by the coefficient of the last term in Eq. (41)), and between N r and N t (displayed by the coefficient of the third to last term in Eq. (41)) are of interest.
In Tables 3 and 4 we presented values of the coefficients in the quadratic regression estimate for various values of Le and ξ. In the case of injection, where ξ = −0.3 we found numerical difficulty with very large values of Le so the variation with Le is circumscribed and the results are presented in Table 3 . On the other hand, for the case of suction the results are presented in Table 4 . show the effect of suction and injection parameter ξ on velocity distributions. It is clear from Fig. 3 the nanofluid velocity in the y direction at the wall has the value of suction and injection parameter ξ and it begins to increase through the momentum boundary layer until it reaches to a constant value which depends on the value of ξ. On the other hand, the profile of nanofluid velocity in the x direction with variation of ξ is shown in Fig. 4 . We noticed that the x-velocity with various values of ξ starts from a constant value (0.5) and begins to increase until it reaches to the peak value and then it decreases and tends to zero at the edge of the momentum boundary layer. It is clear from Fig. 4 that the thickness of momentum boundary layer increases in the case of injection while it decreases in the case of suction.
Figs. 5 and 6 are presented to show the effect of stretching plate parameter ξ on temperature and nanoparticles distributions through the boundary layer. It is obvious that the thermal boundary layer thickness decreases in the suction case while it increases in the injection case, and that what we expected before from regression correlations. Further, we noticed from Fig. 6 that the volume fraction of nanoparticles just varies in a layer near the wall and the thickness of this layer increases in suction while it decreases in injection. This interpret that heat transfer coefficient in the case of suction is bigger than it in the case in injection because when the nanoparticles are closer together they tend to agglomerate due to molecular forces such as Van Der Waals force, thus that causes the effective surface area to volume ratio of the nanoparticles to decrease, which reduces the thermal conductivity of the fluid.
Conclusions
We studied the problem of natural convection boundary-layer flow in a porous medium past a vertical porous plate saturated by a nanofluid using a model incorporates the effects of Brownian motion and thermophoresis. In this study we have employed the Darcy model for the momentum equation. A nonsimilar solution is presented to solve the problem which depends on four dimensionless parameters, namely a Lewis number Le, a buoyancy-ratio parameter N r, a Brownian motion parameter N b, and a thermophoresis parameter N t in addition to the suction and injection parameter ξ. We used a linear and a quadratic regression for various values of ξ to study the way in which the heat transfer coefficient, represented by a Nusselt number N u, depends on these four parameters. We have discussed graphicly the way in which the velocity, temperature and nanoparticles profiles, as well as the local Nusselt number (heat transfer coefficient) depend on these parameters. We found that the nanoparticles in the fluid is more stable in the case of suction and that enhance the heat transfer property of the fluid. --------------------------- --------------------------- Table 3 .: Quadratic regression coefficients and error bound for the reduced Nusselt number at ξ=-0.3. Table 4 .: Quadratic regression coefficients and error bound for the reduced Nusselt number at ξ=0. 3 . Le 
